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We discuss the backreaction of a massless, minimally coupled, quantized scalar field on a thick,
two-dimensional de Sitter(dS) brane as an extension of our previous work [1]. We show that a finite
brane thickness naturally regularizes the backreaction on the brane. The quantum backreaction
exhibits a quadratic divergence in the thin wall limit. We also give a theoretical bound on the brane
thickness, in terms of the brane self-consistency of the quantum corrected Einstein equation, namely
the requirement that the size of the backreaction should be smaller than that of the background
stress-energy at the center of the brane. Finally, we discuss the brane self-consistency for the case
of a four-dimensional dS brane.
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Recent progress in string theory suggests that our uni-
verse is, in reality, a four-dimensional submanifold, brane,
embedded into a higher-dimensional spacetime, bulk.
The model which was proposed by Randall and Sundrum
(RS) succeeds in the localization of gravity around the
brane due to the warping of the extra-dimension [2]. This
model has been given phenomenological grounds from
various aspects of higher-dimensional theories of grav-
ity [3].
In RS braneworlds, occasionally, fields which exist in
the bulk affect the dynamics of the brane. These bulk
fields are naturally set into the bulk as a result of a di-
mensional reduction of some higher-dimensional gravita-
tional theory. In some models such a bulk field plays
the role of the inflaton, whose dynamics induces infla-
tion on the brane (see references cited in [1]). In these
cases the bulk field carries information from the higher-
dimensional Kaluza-Klein (KK) modes, as well as the
zero mode, onto the brane. Then, the problem we pose
is whether or not the self-consistency of the quantum cor-
rected Einstein equations can be kept on the brane:1 The
quantum backreaction of any bulk fields, especially for
the KK modes, should be much smaller than the back-
ground stress-energy, such that the original features of
the classical model are not changed. Thus, the evalua-
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1 Self-consistency in the RS (two-brane) model has been investi-
gated in [4] and [5] in terms of how quantum corrections con-
tribute to the gravitational theory in the bulk. Stability of
brane solutions including quantum backreaction has also been
discussed, see e.g., [6]. What we do here is rather to compare
the size of the quantum backreaction with that of the background
stress-energy on the brane, i.e., brane self-consistency.
tion of the amount of backreaction is an important issue
in these models. The quantum backreaction for a thin
de Sitter (dS) brane has been considered in [7], but little
has been said about the self-consistency of the quantum
backreaction on the brane. Furthermore, it is well-known
that for thin branes surface divergences remain on the
brane even after UV regularization, which prevents one
from evaluating any quantities exactly on the brane, e.g.,
see [5] and references therein.
To overcome this pathology, in Ref. [1] we investi-
gated the quantum fluctuations for a thick dS brane
based on the model discussed in [8] (for other thick brane
models see the references mentioned in [1]). There, we
demonstrated that the brane thickness can naturally reg-
ularize the surface divergences. In this letter we shall
demonstrate that, similarly, a finite thickness also regu-
larizes the quantum backreaction. We give a theoretical
bound on the thickness in terms of brane self-consistency2
and comment on the realistic case of a four-dimensional
brane.
The action of the system is given by
S =
1
2
∫
dd+1x
√−g
((d+1)
R −
(
∂φ
)2
− 2V0
(
cos
[ φ
φ0
])2(1−σ) − (∂χ)2) (1)
where the bulk field φ, which is assumed to be static
(φ = φ(z)), supports the thick brane configuration and
χ(xµ, z) is a test quantized scalar field propagating on the
background produced by the scalar field φ. Note that
2 Bounds on the brane thickness have also been discussed in terms
of phenomenological experiments, see e.g., [9].
2−∞ < z < ∞ represents the coordinate of the extra-
dimension and we choose the center of the domain wall
to be at z = 0. We work with units such that the (d +
1)-dimensional gravitational constant κ2d+1 = M
−(d−1)
d+1
is set to unity, where Md+1 is the (d + 1)-dimensional
Planck mass. Here, we are assuming that the field χ
is a massless, minimally coupled scalar field, which is
formally equivalent to tensor metric perturbations [1].
The thick dS brane solution is given by
ds2 = b2(z)
(
dz2 + γµνdx
µdxν
)
;
b(z) =
(
cosh
(
Hz
σ
))−σ
,
φ(z) =
√
(d− 1)σ(1− σ) sin−1
(
tanh
(
Hz
σ
))
,
H2 =
2σV0
(d− 1)[1 + (d− 1)σ] ; (2)
γµν is the d-dimensional dS metric [8] with γµνdx
µdxν =
−dt2 + H−2 cosh2(Ht)dϕ2 for d = 2, where −∞ < t <
+∞ and 0 ≤ ϕ < 2π. The brane thickness is param-
eterized by σ (the physical thickness is σ/H), which is
restricted to 0 < σ < 1.
In this letter, we shall discuss the quantum backre-
action of the scalar field χ on such a thick-brane back-
ground, specifically at z = 0. By varying the χ-field
part of the action, in Eq. (1), with respect to the bulk
metric we obtain the stress-energy tensor for the χ-field;
Tab := χ;aχ;b − (1/2)gabgcdχ;cχ;d .
Furthermore, for simplicity we shall consider the three-
dimensional (d = 2) case. The method is then based on a
dimensional reduction of the higher dimensional canoni-
cally quantized fields, see [10]. For a given vacuum, we
can calculate the vacuum expectation value of the stress-
energy tensor. Hereafter, we work in the Euclideanized
space γEµνdx
µdxν = H−2(dθ2 + sin2 θdϕ2), where the
substitution θ → π/2 − iHt Wick rotates back to
the Lorentzian frame. Choosing the Euclidean vac-
uum corresponds to a dS invariant vacuum in the orig-
inal Lorentzian frame. The Hamiltonian density for the
field χ in this frame is classically defined by ρ(z, xi) :=
−b2(z)T θθ(z, xi) .
In general, for one non-trivial extra dimension we can
have untwisted, f+(−z) = f+(z), and twisted field con-
figurations, f−(−z) = −f−(z), [11, 12]. Note that
the untwisted and twisted solutions are equivalent to
the mode degeneracy (for one non-trivial dimension).
As we shall see, the total Hamiltonian density is given
by a combination of untwisted and twisted fields, i.e.,
ρ = ρ(+) + ρ(−). This quantity diverges when all the
modes are naively summed up and we need to employ
some kind of regularization scheme. To this end, af-
ter a dimensional reduction, we shall employ the point-
splitting method in conjunction with zeta function regu-
larization [1, 10], both for untwisted and twisted modes:
ζ±(z, xi, z′, xi′; s) :=
2µ2(s−1)H
b1/2(z)b1/2(z′)H2(s−1)
×
∑
n
f±n (z)f
±
n (z
′)
∑
j,m
Yjm(x
i)Y ∗jm(x
i′)[
q2n + (j +
1
2 )
2
]s , (3)
where f+n (z) and f
−
n (z) correspond to normalized un-
twisted and twisted field configurations respectively. The
solutions f±n (z) are written in terms of associated Leg-
endre functions and Yjm(x
i) are the usual spherical har-
monics defined on the two-sphere, S2.
Given that we are interested only in the dependence of
the backreaction on the bulk coordinate z we integrate
out over the trivial dimensions, in this case over S2:
ρ(z) :=
∫
dΩ2 lim
s→1
lim
X′→X
× 1
2
(
H2∂ϕ∂ϕ′ + ∂z∂z′
)
ζ(z, xi, z′, xi′; s) (4)
where dΩ2 is the volume element of S
2. Note that be-
cause of the spherical symmetry transverse to the brane
we may focus on the the equatorial plane θ = π/2 and
remove the dependence on θ [13] Hence, we obtain the
angle-integrated Hamiltonian density
ρ±(z) = 2H lim
s→1
∑
n,j
j + 12
[q2n + (j +
1
2 )
2]s
(5)
×
[
H2
2
j(j + 1)f±2n (z) +
(
f±n
′(z)− b
′(z)
2b(z)
f±n (z)
)2]
.
We are primarily interested in the backreaction on the
brane at z = 0, given that this is supposed to be where
our world is localized. In this case the contribution from
the untwisted and twisted parts can be expressed simply
as
ρ+(0) = H lim
s→1
∑
n,j
H2f+2n (0)
j(j + 1)(j + 12 )
[q2n + (j +
1
2 )
2]s
,
ρ−(0) = 2H lim
s→1
∑
n,j
f−n
′2(0)
j + 12
[q2n + (j +
1
2 )
2]s
(6)
respectively. The total backreaction is given by the sum
of each:
ρ(0) = ρ+(0) + ρ−(0) . (7)
We can also derive similar expressions for the pres-
sures normal and parallel to the brane; T zz(z, x
i) and
Tϕϕ(z, x
i), respectively. Like for the Hamiltonian den-
sity they are given by a combination of untwisted and
twisted fields. In the Euclidean frame these pressures are
defined by pz(z, x
i) := b2(z)T zz(z, x
i) and pϕ(z, x
i) :=
b2(z)Tϕϕ(z, x
i) . Then, as for the case of the Hamilto-
nian density, the angle-integrated total pressure normal
to the brane pz(z) =
∫
dΩ2pz(z, x
i) becomes
pz(0) = −ρ+(0) + ρ−(0) (8)
on the brane. The angle-integrated pressure parallel to
the brane (pϕ(z) =
∫
dΩ2pϕ(z, x
i)) has the same ampli-
tude with opposite sign, i.e., pϕ(z) = −pz(z). Thus, and
3hereafter, we may concentrate only on pz(0). It is also
worth mentioning that the angle-integrated trace of the
stress-energy tensor in the Euclidean frame has the same
amplitude of the Hamiltonian density with the opposite
sign; b2(z)T aa(z) =
∫
dΩ2b
2(z)T aa(z, x
i) = −ρ(z) .
The regularization scheme we shall employ is basically
the same as the one developed in Ref. [1]. Essentially, we
convert the mode sums over {n} into an integral along
the contour as depicted in Fig. 4 of Ref. [1] by employing
the residue theorem. We refer readers who are interested
to the discussion in Sec. II.C of Ref. [1]. For the twisted
configuration there is no bound state and hence, we need
not worry about how the contour approaches the imagi-
nary axis.
Hence, for untwisted configurations we obtain
ρ+UV(0) = −
σH3
2
[∫ ∞
1
dUU3
(
P−Uσσ/2 (0)
P−Uσσ/2
′(0)
−
1∑
ℓ=0
wℓ(σ)
U1+2ℓ
)
−
1∑
ℓ=0
wℓ(σ)
3− 2ℓ −
1
4
∫ ∞
1
dUU
(
P−Uσσ/2 (0)
P−Uσσ/2
′(0)
− w0(σ)
U
)
− w0(σ)
]
,
ρ+IR(0) =
H3
2
∫ 1
0
dUU
(
U +
1
2
)
Γ(−σ4 + Uσ2 + 1)Γ(σ4 + Uσ2 + 12 )
Γ(σ4 +
Uσ
2 + 1)Γ(−σ4 + Uσ2 + 12 )
, (9)
where we have split the untwisted contribution into two
pieces, i.e., an ultraviolet (UV) and an infrared (IR)
piece. Here we used the following asymptotic expansion
P−Uσσ/2 (0)
P−Uσσ/2
′(0)
=
∞∑
ℓ=0
wℓ(σ)U
−1−2ℓ;
w0(σ) = − 1
σ
, w1(σ) = −2 + σ
8σ2
, · · · (10)
to regularize the UV piece. The regularized untwisted
Hamiltonian density is given by ρ+ = ρ+UV + ρ
+
IR .
Similarly, for twisted configurations we find
ρ−UV(0) =
H3
σ
[∫ ∞
1
dU U
(P−Uσσ/2 ′(0)
P−Uσσ/2 (0)
−
1∑
ℓ=0
qℓ(σ)U
1−2ℓ
)
−
1∑
ℓ=0
qℓ(σ)
3− 2ℓ
]
,
ρ−IR(0) = −
2H3
σ
∫ 1
0
dUU
× Γ(
σ
4 +
Uσ
2 + 1)Γ(−σ4 + Uσ2 + 12 )
Γ(−σ4 + Uσ2 )Γ(σ4 + Uσ2 + 12 )
, (11)
where this time we used the slightly different asymptotic
expansion
P−Uσσ/2
′(0)
P−Uσσ/2 (0)
=
∞∑
ℓ=0
qℓ(σ)U
1−2ℓ;
q0(σ) = −σ, q1(σ) = 2 + σ
8
, · · · . (12)
The twisted Hamiltonian density is also given by ρ− =
ρ−UV + ρ
−
IR .
Before considering the total backreaction, we also wish
to briefly discuss the backreaction for the bound state
mode, which for the untwisted case is given by
ρ0(z, s) =
H3µ2(s−1)f+0
2(z)
H2(s−1)
∑
j
j(j + 1)(j + 12 )
[(j + 12 )
2 − (12 )2]s
(13)
where
f+0
2(z) =
1
2σ
cosh−σ(Hzσ )∫∞
0
dy cosh−σ(y)
. (14)
As can easily be verified the twisted solution has no local-
ized bound state. Note that ρ0(z, s) = −pz,0(z, s). As a
result of employing the renormalization discussed in [14],
the backreaction for the bound state is given by
ρ0(z) = H
3f+0
2(z)
{
ζH(−1, 1
2
)− 1
16
ζH(3,
1
2
) +
1
8
(15)
+
∞∑
J=2
(1
2
)2J[
ζH(2J − 1, 1
2
)− 1
4
ζH(2J + 1,
1
2
)
]}
.
In the case above (of massless, minimal coupling) the
backreaction of the bound state mode is found to be inde-
pendent of the renormalization scale. This happens only
for the case of minimal coupling. Also, contrary to the
backreaction, the squared amplitude itself does depend
on the renormalization scale even for minimal coupling,
ξ = 0, [1]. If required, the contribution from the KK
modes can easily be obtained by employing the relations
[1]
ρKK(z) = ρ(z)− ρ0(z) , pKK(z) = p(z)− p0(z) . (16)
Note that, like for the amplitude [1], ρ0 is also insensitive
to the brane thickness, σ. Particularly in comparison to
the KK contribution.
Similar to the calculation for the amplitude [1] in the
thin wall limit, σ → 0, the leading order behavior for
4ρ±(0) can easily be obtained
ρ+(0)→ −H
3
2σ2
I , ρ−(0)→ −H
3
σ2
I;
I :=
1
4
∫ ∞
0
dx
[
x2
(
ψ(
x
2
)− 2ψ(x+ 1
2
) + ψ(
x
2
+ 1)
)
+ 1
]
≈ 0.213139 . (17)
Thus, from Eq. (7) and Eq. (8), the thin wall behavior
for the Hamiltonian density and pressure are
ρ(0)→ −3H
3
2σ2
I , pz(0)→ −H
3
2σ2
I , (18)
respectively. Thus, in the thin wall limit both the to-
tal Hamiltonian density and pressure exhibit quadratic
divergences.
We now come to discuss the brane self-consistency of
the quantum corrected Einstein equations: The stress-
energy of the backreaction should not become larger than
the background stress-energy on the brane (see footnote
1). In Figs. 1 and 2 the Hamiltonian density, ρ(0), and
bulk pressure, pz(0), are compared with respect to their
(angle-integrated) classical counterparts:
4π
(
−1
2
(φ′(z))
2 − b2(z)V (φ(z))
)
δαβ
= − 4πH
2
σ cosh2
(
Hz
σ
)δαβ z=0→ −4πH2
σ
δαβ ,
4π
(
1
2
(φ′(z))
2 − b2(z)V (φ(z))
)
= − 4πH
2
cosh2
(
Hz
σ
) z=0→ −4πH2
for the special case H = 1 = M3. Note, that in Fig. 1
the Hamiltonian density is multiplied by a power of σ,
in order to easily distinguish between the two, and the
three-dimensional Planck massM3 := κ
−2
3 is set to unity.
The quantum backreaction scales as H3/σ2, whereas
the background stress-energy scales as H2M3/σ. Thus,
the ratio of the backreaction to the background energy
density scales as O(H/M3σ). From Figs. 1 and 2, for
the special case H = M3, we can infer that for brane
thicknesses with σ & 0.3 the quantum backreaction is
at least an order of magnitude smaller than the classical
value. Thus, taking these facts into consideration, we ob-
tain a plausible theoretical bound on the brane thickness,
σ & 0.3 (H/M3). Of course, this bound is only valid on
the brane not in the whole bulk. In this sense it might
not be a sufficient condition, but just a necessary one.
However, we are mainly interested in the behavior of the
quantum backreaction at z = 0, where the backreaction
is expected to be largest and our world exists by assump-
tion. Thus, it may be considered as a stringent bound on
the brane thickness.
Now let us consider the more realistic case of d = 4.
Following steps similar to that in (17), it is not hard to
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FIG. 1: The backreaction of the Hamiltonian density
(thick curve) and the background energy density (dashed
curve), multiplied by a power of the brane thickness, σ,
are shown as a function of σ for the case of H = 1(= M3).
Note, the scale of the vertical axis is set to log
10
.
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FIG. 2: The backreaction of the pressure (thick curve)
and the background pressure (dashed curve) are shown
as a function of the brane thickness, σ, for the case of
H = 1(= M3). Note, the scale of the vertical axis is set
to log
10
.
convince ourselves that in the thin wall limit, σ → 0, the
quantum backreaction exhibits a quartic divergence pro-
portional to H5/σ4 for d = 4 (times a numerical factor,
like I in Eq. (17) for d = 2), whereas the background
stress-energy scales as H2M5
3/σ. Thus, the ratio of the
quantum backreaction to the background stress-energy
will be of order O(H3/(σM5)
3). Therefore, the brane
should satisfy σ & H/M5 in order to have brane self-
consistency. Actually, this bound depends on the ratio
between the energy scale for brane inflation, H , and M5.
Hence, in order for the bound to be consistent with the
assumption 0 < σ < 1 we should require H . M5. This
condition can also be regarded as a bound on the energy
scale for brane inflation.
We might ask whether or not this bound on the brane
thickness is consistent within the framework of the back-
ground model. The thick brane model we have investi-
gated in this letter has an asymptotically flat bulk, which
can be regarded as the high-energy limit (Hℓ → ∞)
of an asymptotically Anti de Sitter (AdS) bulk, where
5ℓ is curvature radius of AdS spacetime. Quite clearly
σ ≪ Hℓ and thus, combining this inequality with the
previous theoretical bound, σ & H/M5, we find that
H/M5 ≪ Hℓ for brane self-consistency. Note that in the
RS II set-up the four-dimensional Planck scale on the
brane effectively becomes Mpl
2 = M5
3ℓ (≈ 1019GeV),
which is determined at low energies (Hℓ ≪ 1) [2, 15].
Then, brane self-consistency, H/M5 ≪ Hℓ, is equivalent
to the condition Mpl ≫ M5, which seems to be quite
a natural one. Indeed, it is not difficult to construct a
model with M5 ≪Mpl; just as long as the scale is larger
than 109 GeV, derived from constraints on the size of any
extra-dimensions, ℓ . 0.1mm, which is determined from
experimental tests of Newton’s law on short distance
scales. Thus, we conclude that thick braneworlds, even
if they are extremely thin, can be brane self-consistent.
Finally, we shall comment on the quantum backreac-
tion of the KK gravitons on the brane, which are consid-
ered to be produced during brane inflaton, see e.g., [16].
The quantification of the graviton backreaction has been
a longstanding issue in brane cosmology. (The classical
nature of the backreaction for the KK gravitons on the
brane, in the thin wall approximation, was partially in-
vestigated in [17].) Part of the motivation in this letter
is that the KK gravitons satisfy the same equation of
motion as a massless, minimally coupled scalar field and
therefore suffer from a similar pathology on the brane,
surface divergences. Hence, we expect that the gravi-
ton backreaction behaves in a similarly manner to the
scalar case, namely the backreaction exhibits quadratic
and quartic divergences for d = 2 and d = 4, respectively.
Furthermore, any discussion on the self-consistency of the
scalar backreaction should also carry over to the gravi-
ton backreaction similarly, though any explicit demon-
stration of this fact is left for future work.
In conclusion, in this letter we have explicitly discussed
the backreaction of a quantized bulk scalar field on a
two-dimensional thick de Sitter brane. As expected, a
finite thickness naturally regularizes the surface diver-
gences arising from the KK modes. We also obtained
a theoretical bound on the size of the brane thickness in
compliance with the brane self-consistency of the backre-
action and then discussed the case of a four-dimensional
brane. The investigation of the full bulk self-consistency
is left for another time. Also, as an extension, it would
be interesting to investigate the local quantum effects on
a cosmological brane in a higher-codimensional bulk. We
hope to report on these issues in future publications.
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